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A bipartite graph G=(U, V, E) is an (n, k, §, @) expander if |U|=|V|=n, |E|=kn, and
for any XEU with |X|=an, ll‘G(X)lz(l +6(1—]X|/n))lX|, where Fg(X) is the set of nodes in
V¥ connected to nodes in X with edges in £. We show, using relatively elememary analysis in linear
algebra, that the problem of estimating the coefficient § of a bipartite graph is reduced to that of
estimating the second largest eigenvalue of a matrix related to the graph. In particular, we consider
the case where the bipartite graphs are defined from affine transformations, and obtain some general
results on estimating the eigenvalues of the matrix by using the discrete Fourier transform. These
results are then used to estimate the expanding coefficients of bipartite graphs obtained from two-
dimensional affine transformations and those obtained from one-dimensional ones.

1. Introduction

In the context of computational complexity, expanders have been studied as
the basic building blocks in constructions of many types of graphs (or networks)
such as superconcentrators, nonblocking networks and sorting networks. Because
the optimal constructions of these graphs depend on constructions of expanders,
obtaining good constructions of expanders becomes important. In this paper we
adopt the following definitions of an expander: A bipartite graph G=(U, V, E)
is an (n, k, &, «) expander if |U|=\V|=n, |E|=kn, and for any XS U with
[X|=on, |FG(X)|>(1+5(1—|X|/n))|X| Here U and V are disjoint sets of vertices,
called the input set and output set, respectively, EC UXV is the set of edges, I'¢(X)
denotes the set of outputs connected to inputs in "X, and the notation |- | indicates
cardinality. Explicit constructions of expanders are due to Margulis [10] and Gabber
and Galil [6]. Margulis [10] gave an explicit construction of a family of (n, 5, 6, 1)
expanders for n=12, 22, 32, ... and proved that the constant & is greater than zero.
Slightly modifying Margulis’s construction, Gabber and Galil [6] constructed fam-
1hes of (n 5(2—V3)/4,1) expanders and (n,7,(2—¥3)/2,1) expanders for

=12,22 3 Alon and Milman [2] (using some result of Gabber and Galil) ob-
tamed a famlly of (n, 13, 0.465, 1/2) expanders for n=12 22, 32, .... The proofs of

AMS subject classification (1980): 68 A 20.
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expanding properties for these graphs are based on theorems from the theory of
group representations or harmonic analysis. It would be satisfying to have an ele-
mentary proof of expansion.

In this paper, using relatively elementary analysis in linear algebra, we estab-
lish some general results to estimate the expanding coefficients of bipartite graphs
whose edges are defined by a finite number of some affine transformations. Alon,
Galil and Milman [3] obtained a result that gives a relation between the expanding
coefficient & of a bipartite graph and the second largest eigenvalue of a certain matrix
related to the graph. In this paper a method for estimating the second largest eigen-
value of the matrix defined from affine transformations is developed. Combining

these results we can obtain (n, 9, 4/(a+V1+0a2), 1/2) expanders, where

a=(2—-5V2/8)/(2(1-5V2/8)) ~ 4.806,

from which, as Alon, Galil and Milman (3] show, we get superconcentrators with
122 - 74n edgges. These are the best known explicit superconcentrators. These re-
sults should be compared with one, shown by Tassalygo [4] (improving [5], [11])
using a probabilistic argument, that superconcentrators with 36n+ O(n) edges exist.

2. Relation between expanding coefficients and eigenvalues

Let S denote {1, ...,n}. Let oy, 03, ..., 0, be permutations on S, and let {
(respectively, £’) be a bijection from S onto U (respectively, V). The bipartite graph
(U, V, E) obtained from {o,, ..., 0,, 1} is defined as

E= {0, &(MFee{oy, ..., 0, I}, o) = j},

where I is the identity map on S. The permutation matrix for ¢, denoted by M (s),
is the nXn matrix [m;;] such that m;;=46(a (i), j), where & is Kronecker’s delta
defined as
i i=j
86, J) = {0, otherwise.

The transpose and the conjugate of a matrix 4 are denoted by '4 and A4, respec-
tively, and the conjugate transpose of 4 is denoted by 4*, that is 4*='4. Let 0 and 1
denote column vectors of appropriate length with the elements 0 and 1, respectively.
A square matrix H is called Hermitian if H*=H, and a square matrix U is called
unitary if U*U=E, where E denotes the identity matrix. Two square matrices M
and M’ are called sinilar if there exists a non-singular matrix N such that
M=N"M’N. Let C and R denote the set of complex numbers and the set of real
numbers, respectively.
We give the next well known proposition without proof.

Proposition 2.1, (Rayleigh’s principle). Let 4 be a Hermitian nXn matrix over C.
Let 2; and 2, be the first and second largest eigenvalues of A, respectively (among the
n eigenvalues with the proper multiplicities), and let y be an eingenvector of A with
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eigenvalue 2;. Then

s x*Ax ]
x#lz *x v
sup X Ax A
;;eo x*x 2
x*y=0

where sup is over column vectors x of length n over C. |}

A doubly stochastic nXn matrix is a matrix [a;;] over R such that a;;=0
and > ay;=2 a,;=1 for 1=i,j=n We give the next well known proposition
k k

without proof.

Proposition 2.2. (i) The product of two doubly stochastic matrices is a doubly stochastic
mairix.

(i) A doubly stochastic matrix has the eigenvector 1 with eigenvalue 1.

(iit) All eigenvalues of a doubly stochastic matrix have absolute value at most 1. |}

Theorem 2.3. (Alon, Galil and Milman [3]). Let 6y, 03, ..., 6, be permutations on S.
Let ay, a,, -.., a, be positive real numbers with > a;=1, and let 1, be the second lar-

13
gest eigenvalue (among the n eigenvalues with proper multiplicities) of the Hermitian
doubly stochastic nXn matrix A defined as

qu' % ai(M(ax‘)“}"M(ai))'

Then the bipartite graph obtained from {oy, ...,06. 07" ...,0;1} is an

(n,29+1, 4/(a+V1+02), 1/2) expander, where 1 denotes the identity map on
S and a=(2—1,)/(2(1—1y)).

By virtue of Theorem 2.3 the problem of estimating the expanding constant of
a bipartite graph obtained from a finite number of permutations is reduced to the
problem of estimating the second largest eigenvalue of the Hermitian doubly stochas-
tic nX n matrix A determined by the permutations. For the estimation of the second
largest eigenvalue 1,, we shall show that there exists a Hermitian (n—1)X(n—1)
matrix whose largest eigenvalue is equal to Z,.

Proposition 2.4. Let U=[u;;] be a unitary nXn matrix such that w,=uy= 1/ 1/17
for 1=i=n, and let A be a Hermitian doubly stochastic nXn matrix. Then there
exists a Hermitian (n—1)X(n—1) matrix H such that (i)

1{0...0

U*4U =

and such that (ii) the second largest eigenvalue of A (among the n eigenvalues with
the proper multiplicities) is equal to the largest eigenvalue of H.

3
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Proof. Since

(U*AU)* = U¥AU* = U*AU,
U*AU, and hence H, is Hermitian. Let A=[a;], U=[y;] and U*AU=[b;].
If i=j=1, then we have

bu = %akl(;’ aklull) = (l/n)%’ 21, ay=1.

If i=1 and j=1, then we have
Z Upy (Z alauu) ~ Z “11(2 au) Zuuuz, =0.

Thus U*AU takes the form indicated in the proposition. Since similar metrices have
the same eigenvalues and, by (iii) of Proposition 2.2, the largest eigenvalue of 4 is 1,
part (ii) of the proposition follows. |

3. Expanders obtained from affine transformations

Let p and m be positive integers and let Z, denote the ring of residues
modulo m. Z,, consists of classes of the form {i+mx|x€Z}, 0=i=m—1, which
we denote simply by i. Let U and H be as in Proposition 2.4. We shall show that, if
we take the permutations oy, ..., o, to be those determined by some affine trans-
formations on Z,X%...XZ, (p tlmes) and U to be the discrete Fourier transform
(DFT), then we can obtain a nontrivial upper bound on the largest eigenvalue of H.

Let 'Z2 denote the set of column vectors of length p with elements from Z,,.
For x,y€'Zr, we define {(x,y) as {x,y)=x*y— 2> x;yi, where x='(xy, ..., X,),

='(y1, ..., ¥p). Let n=mP so that S denotes {1 , m?}. Let v be a bijection from
S onto ’Z” such that v(1)=0. In what follows v is fixed 50 a5 to give a correspondance
between elements in S and those in ‘Z7,. Let Q denote the matrix [w,;] such that

w;=m~ RO, where w=exp (2n}—1/m). The map # from C* to
C'*m, defined as & (x)= Qx, is the discrete Fourier transform,
Proposition 3.1. Q is unitary and oy=wy=1/mP? for 1=i=m’.

Proof. For any x€Z2, (0,x)=(x,0)=0. Therefore by the definition of
Q=[w;]
' oy = wp = (1/m?") e = 1/m?®

for any l=i=m?. Let Q*Q=[v;], v(i)=x and v(j)=y. Then we obtain

vij = —l—p- Z w—(xnz)a)@,}’) =

= mP EZ’Z <, 0w I | b3, =
21€ Ly ZpC Ly,

=L J( > oo,
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where x=*(%,...,x,), y="(1,-., ) and z=1%z,...,2,). If y, #x, then
wbi—x) = 1, so

™) — |

=%z —
WV *5 PR )

2,€Z,,

0.

If x;=y,, then

WVi—x)z = m,
2,674,

Therefore we conclude that for 1=i, j=m?
v; =63,j) 1
From propositions 2.4 and 3.1, we have the next proposition.

Proposition 3.2.

“
o}
where H is a Hermitian (n— )X (n—1) matrix. |

Thus the problem is now reduced to that of estimating the largest eigenvalue
of H in Proposition 3.2, Let Z#*? denote the set of pX p matrices whose elements are
chosen from Z,,. We define the sets P, Q of permutations on S as follows.

P={o: S—S| There exists B€ZP*? such that B has an inverse B~ in
Z2xP and o(i)=v 1Bv(i)}.

Q={o: S—~S| There exists a€'Z? such that ¢(i)=v~'(v(i)+a)}, where
v71Bu(i)=v 1 (B(v(i))) for i€ S.Let o, denote the permutation on S defined as

op(i) = v~ Bv(D),
where BC€ZP*?, Similarly, let ¢, denote the permutation on S defined as
o, (D) = v-1(v(D)+a),
where ac'Z?,.
We shall be concerned with the bipartite graphs obtained from permutations
that can be written as products of permutations in PUQ. Then, for the estimation

of the largest eigenvalue of H for such bipartite graphs, we need the next four propo-
sitions.

Proposition 3.3. Let B be a matrix in ZE*? that has the inverse B=* in Z2*?. Then

Q*M(55)Q = M(s,,_)).
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Proof. The element in the i-th row and j-th column of matrix Q*M (65) 2 is expressed
as

3. (@*M(ep)Q)(i,j) =

1 =3 3 o0, D@5 (y=1By(k), [) O ) =
mf 9

= I:l_p %’ w{Bv®), vUR = (v, vk,

where (-, -) is Kronecker’s delta. On the other hand we have
(3.2 (Bv(k), v(j)) = (Bv () v(j) = v(K)'Bv(j) = (v(k), ‘Bv(j)).

From (3.1) and (3.2) we have (2*M(sp)Q) G, _])——2 BV v D =

=5(v"¥B ~W(i), _1) 8(0:5-100), /)=M(0y,—1) (i, j) as is shown in the proof of
Proposition 3.1.

Proposition 3.4. Let ac'Zi. Then Q*M(c,)Q is the diagonal matrix whose i-th
diagonal element is @@ v,

Proof, The element in the i~th row and j-th column of matrix Q*M (c,) Q is expressed as

(Q*M(c)Q)(, ) = # 3 5 o0 (v=1(v(k)+a), [)ot® 0 =
k 1

— Zw(v(k)+a. VY= (D, V) =
m

= v l_p > W@V —vD) = e, NS (i, D= {5 (i, I |
m= "

The principle of the next proposition is due to Gabber and Galil [6].

Proposition 3.5. Let A=[a;;] be a symmetric nXn matrix over R such that if i#j
then a;;=0, and let A be the largest eigenvalue of A. Let y;; 1 1=1, j=n, be real num-
bers such that ;>0 and y,;=1fy; for 1=i, j=n. Then

A= mia.x;,'yija,j.

Proof. Let y=*(y,, ..., y,) be an arbitrary column vector in *C" such that y*y=1,
where *C” denote the set of column vectors of length n with elements from C. Since
for arbitrary A=>0 and g, beR,

(YZa—b/y2): = Aa+b%2~2ab = 0,
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and hence 2ab=la®+b%1, we have
vidy = Z 2 a;y.y; =
i J

1 - -
= 72;' ; a; iy, +iy) =

=1

Z;zaijlyi“yjl =

[ (V]

1
= 72 Z“ij(?ijlyn'lz""?ﬁl)’jlz) =
v

— 3 2 Z Gynlol+araly ) =
= 2,' ;aij%'j]yila =

= 21' (2 ayvy)inlt =

(maXZ iy%iy) (Z i) =

I

= m,ax; YijQig-

Thus, by Proposition 2.1, we conclude that

1 x*Ax

= Sup —x
xeecn
x#0

= miax;’yi,au. 1

Proposition 3.6. Let A=[a;;] be a Hermitian nXn matrix over C and let B=[b,;] be
a symmetric nX n matrix over R. Let Ag be the maximal eigenvalue of B. If |a;;|=b;;
for 1=i,j=n, then |A|=Ag for any eigenvalue ) of A.

Proof. Let 2,(4,) be the maximal (minimal) eigenvalue of 4. Then it suffices to show
that |A,|=7p and |4,|=Ap. Since b;;=0 for 1=i, j=n and B=[b;;] isa symmetric
matrix over R, we have by Proposition 2.1

*
x*Bx
Ap = sup = sup Z bijyiy;-
x€tCn x*x Vys s V=0 i
x%0 Zyi=1

On the other hand, since A is Hermitian, we have by Proposition 2.1

*

x*Ax
A= su = su a;
1 xG‘!C)" x*x . ’I:ECZ‘:Z ljyiyj
x#0 ZI l =1
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Moreover,
x*(-Ax
Ay =—SUp ——(—— = — su — a;
" xg:l():n x*x Vs - ,)I-:ec( Zl' 2 jy‘yJ)
x0 Ely‘ =

because the maximal eigenvalue of — A4 is the minimal eigenvalue of 4 multiplied
by — 1. Therefore,

M’ll = l Sup 2 Zaljyiyjl = Sllp 2 2 Ia[J”ytl lyJI =
M, ly y,,el Y1 .b,lyz,,_ec
W= 3

= sup 2 2 bijylyj - }'Bs
Pir - ,J’HEU i
Zy,—l

and similarly (4]=2z. }

4. Two-dimensional affine transformations
Let p=2. The permutations §,, d;, ¢; and @, on *Z2 are defined as

81 (1(x1, x2)) = "(xy+2x,, X3),

02 ('(x1, X)) = *(x1, X2+2%x,),

By (*(x15 x3)) =31+ 1, xp),

o ('(x1, x9)) = "0y, X+ 1).

The permutations g; and ¢;, 1=i=2, on S are defined as

0 =Vv7l4v,
@; = v,

Then, from the definitions of P and Q, ¢,, 0,6 P and ¢,, ¢.€Q. For x¢'Z%, we
define |x|| as

Ix] = Be(w+w*) = .%e(wx!)+%c(wxa),

where *x=(x, x,), ®=exp (2n/V/—1/m) and the notation Z( - ) indicates real part.
The proofs of the next two lemmas are straightforward examinations of cases.

These proofs are given in Appendix.

Lemma 4.1. For z¢'Z% with z#0, let J={§,(2), 67'(2), 8.(2), 7' (2)}, s;=

=|{xeJl x>z}, and s,=UxeJ]xl<lzI}l. Then s,=2 or s=1l.

Lemma 4.2, Let z, 5, and s, be as in Lemma 4.1. If |z =0, then s,=1 and s,—s5;=2.

Using the results mentioned so far, we can obtain families of expanders. The
set of permutations we use to construct the expanders are {9, @z, ¢101, 9202, 1}.
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Theorem 4.3. Let 6,=0,, 6,= 03, C3= @101, Ca= Qs 0,. And let

4
4= 21 (1/8)(M(6i)+rM(ai))
and 2 be the second largest eigenvalue of A. Then

A= 5Y2/8.

Corollary. (Alon, Galil and Milman [3]) The bipartite graph obtained from
o1, .o 07 oY is an (n,9,4)(a+V1+a?), 1/2)  expander, where

a=(2—V5 2/8)/(2(1-5V2/8)).
Proof of Corollary. The Corollary follows from Theorem 2.3 and Theorem 4.3. ||
Proof of Theorem 4.3. Let

By Proposition 3.2, H is a Hermitian (n— 1)X(n—1) matrix. Let H=[h;], 1=},
j=n—1. Then, by Theorem 2.3 and Proposition 3.6, it suffices to show that there
exists a symmetric (n—1)X (n—1) matrix C=[c;;] over R such that ¢;;=|h;| for
1=i, j=n—1 and such that the largest eigenvalue .. of C satisfies that

ie =5V2/8.
Since ‘M(c)=M(c™) and M(¢)M(c')=M (¢'c) for any permutations ¢ and ¢’
on S, A can be written as

A= %{(E+M(¢1))M(gl)+(E+M(<p;1))M (i )+

+(E+M(p)) M (0)+(E+M(p7 D) Mes V),

where E denotes the identity matrix. Recall that v gives the correspondence between
elements in S and those in 'Z2,. We define the bijection v¢ from S\ {r} to “ZZ\ {0}
by ve(@)=v(i+1) for I=i=n-1. Let C=[c¢;] denote the symmetric (n—1)X
X (n—1) matrix over R such that for 1=J, j=n—1

¢y = g A1+ @4 (5 (ex(i), ) +6 (e (), ) +

11+ 0% (8(0. (D), N+6 (e (D), )}

where w=exp (2nV:T/m) and "ve(i)=(iy, i)€Z%,. Let D; and D, denote the 2X2
matrices over Z, that define g, and g,, respectively; vg,v 2 (x)=D,x and
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vo, v I(x)=D,x for x¢'Zy. Since

12 1 0
Dl:[O 1] and D2=[2 1

so that *D,=D,, it follows from Propositions 3.3 and 3.4 that for 1=, j=n—1
¢;;zlh;l. For 1=i, j=n—1 we define y; as

Y = I/VE it [ve@®l = [veDI,
7y =1 it [xve@®] = veOI,
vy=V2 i e®] <lvel-
« = max {|1 +wh(/2, [1+w'/2}
B = min {|1 +w"]/2, |1 +wh|/2}.

Put

Then clearly 0=f=q=1. Letibe an arbitrary indexin {1, ..., m—1}. From Lemma
4.2, if |lvc(@)|=0, then we have

2)’;; i = [V—+ ] =5y2/8.

Assume that ||lvc(#)||=0. From the definition of c;; and Lemma 4.1 we have

@D Zney = gmaxf2/2a+2p, ﬁ(2a+ﬂ)+—%} -~ V2 (4o+3).

Let u,s,1¢R be such that

= u+s}f—_1,
ob=rp+t)—1.

Then by the assumption we have
1 .
4.2) i f2 = T(“ + i+ |1+ o) =
1 1
= Z-(u2+s2+v2+tz+2(u+v)+2) = 1+?[|vc(i)[l =1.

Hence by the Canchy—Schwarz inequality

(4.3) da+38 = Y& +32 Y2+ =5,
By (4.1) and (4.3) we obtain
,?: Yij€iy =5 V2/8.

Thus from Proposition 3.5 we conclude

=5Y2/8. 1§
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As shown in Alon, Galil and Milman [3], we can obtain a family of supercon-
centrators with density about 122.74, the smallest density explicitly known, using the
expanders in Theorem 4.3,

To mention another result, we define the expanding coefficient §,(G) of a bi-
partite graph G with »n inputs and » outputs as

3,(G) = sup {6cR|VX S U with |X| = an, [[(X)| = (1+—|XI/n)|X|}.

where a€R is a constant such that O<a=1. Klawe [8], [9] conjectured that 6,(G,)
is bounded below by 2(1/log n) for a family of bipartite graphs G, defined by some
one-dimensional affine transformations on the set Z,. By employing our methods
we can construct a family of bipartite graph G, obtained by one-dimensional affine
transformations with 6,(G,)=Q(1/(log n)?). One of the referees noticed us that
Maass [12] established a stronger results by short combinatorial arguments: There
exists a family of bipartite graphs G, obtained by one-dimensional affine transfor-
mations with §,(G,)=Q(1/logn); Maass’s proof can be easily modified to give
this estimate even to our graphs above.

Acknowledgments. We wish to thank the referees for providing a list of comments
which improved the presentation of the paper and simplified the proofs of Lemma 5.1
and 5.2.

5. Appendix

Proof of Lemma 4.1. Let z=(z,, z,)¢'Z%, then
0:1(2) = (21122, z,),
071(2) = (2,22, zy),
82(2) = (z,, z,+22,) and
0z1(2) = (21, 22—22).

Let w**=u+s ]/:1—, w2=yp+1t Vrf, where u, v, s and ¢ are real real numbers. Note
that #*+s?=1 and »®+t2=1 because w=exp (2n}—1/m), and therefore

o= = YlutsVY=1)=u—sy—1,

o7 =1)(v+t)=1)=v—tV—1.
By the definition of |[-|, we have

(A1) 1612 — izl = Re(w™+22) — Re(w™) =
= Re((u(v®—12)—2s10) +(s (v* — 12) + 2tuv) }/—_1) —u=
=u(—-1®)-2stv—u =
= u(®*+ 1) —2urr—2stv—u =

= —212u—2stv.
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Similarly we can derive the following equations:

A2 ler* (@] — 2] = —2ru+2stv,
(A.3) 18| —z]| = —2s*v—2stu  and
(A4 la:1 ()] -1z = —2s*v+2stu.

If s=0, [6:(2)|—]zl=0 and ||g;*(z)|—|z|=0, which implies s,=2. If ¢=0,
loi (@)= lz=0 and |§;7%(=z)ll— ||z =0, which also implies s,=2. Therefore, we
can assume that s#0 and r#0. Now, we assume that s,=0. From the assumption
the values of (A.1), ..., (A.4) are ail non-negative. "lherefore —24=0, namely
=0, and —2s? v>0 namely »=0. Therefore, we have |rm|=|so| and |sv|= |1,
from which |u|=[sv]. Therefore we conclude that

la@l—lzl =0 or [gr'(2)|~[z] =0 and
a2l =1zl =0 or [&5'(2)]~]z] =0.
This means that s,=2. J

Proof of Lemma 4.2. Let z, z;, z,, u, v, s and ¢ be as in the proof of Lemma 4.1.
lz| =u+v=0 implies that max (u, v) is positive and is larger than or equal to the
absolute value of min (v, v). Considering the symmetry of the expressions, we may
assume that w=max (¥, v), namely

(A.5) u=>0 and u=]|o.
Then if »=0, then
(A.6) u=|v| =—o.

Assume s=0. Then we have u=1 because 2%+ s*=1. Therefore v=—1 because
izl =u+v>0. On the other hand, since z='(0, 0) from the assumption of the lemma,
it is not the case that both =1 and v=1 hold. Therefore —1<yp<1. Hence
10 because v*+t2=1. Therefore *u=0. Thus we have from (A.1), ..., (A.4)

16D -1]z] <0,
ler' @l -1zl <o,
16:(2) =zl = o,
lés* ] -]zl =0,

which imply the assertion of the lemma. Therefore, we may assume that 50,
namely |s|>0.

Case 1. v=0,
In this case we have from (A.6) |f|=}1—[v|2 > V1 —[u|2 =|s|. Therefore we
have |f%u|>|sto| and |stu|>]|s%v]. Thus
[e1(2)] -]zl <o,
ler* (@] —llz] <0 and
16:(2) —lzl <0 or Jo:* (2| —lz] <0,

which imply the assertion of the lemma.
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Case 2. v=0.
Note that from (A.5) [t|=VI=|v2=V1—|u2=s. If |tu|>|sv], then

lel =zl <0,
ler' (@l —lz] <0 and
1.2 =zl <0 or |7 (D] -z <0,
which imply the assertion of the lemma. If |fu|=|sv], then
12—zl <0 or [ér*(2)|—lz] <0 and
le:(2)~lz]l <0 or Jaz'(2)]|—]z| <0,
because |fu|=|sv|#0. Thus the lemma follows. [}
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